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000000000000 A(x,y)DOOODOOOOO (Ackermann’s Function)

A(0,y)=y+1 (3.1)
Az +1,0) = A(x,1) (3.2)
Alz+ 1,y +1) = Az, Az + 1,y)) (33)J
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AB,y) = A(2,AB,y—1)) =2% A3,y — 1) +3 > 2V
A(4,1) = A(3,13) > 213

A(4,2) > A(3,2'3) > 2213

A(4,y) >2M2"2" L (yO).. 2

A(5,y) = A(4, A(5,y — 1)) > 2/2/2(A(5,y — 1) 0)..2
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gbomboooboooooboobbobooobooobooobyboOoOO00O0OOx=00000000
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1. 0000: f(x)=0

2. 0000: f(x)=x+1

. 000b:00dbooboobOoobuoibooboobooo

4. 00000:f0¢00000 h: h(z1, s ®m) = F(g1(X1, 0oy T )y oony Gr(X 1, ey Ty))

5. 0000: f0 gO0O0O0O00O0O h: h0,21,...,2k) = flx1,.0yzp),h(n + 1,21,...,28) =

g(h(n, a1, .., Tk ), Ny T1, ooy Tg)

obooooooooooooboboooboobooon
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3.2.3 200000
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fx)0O0000
f(z) < Ale,a) (3.4)

ubdcOoobobboobobOob0ob0obOobOoobUobOobob 1bobDOoobUobobooooo
O0f(x)00000000000000000000O0O0
000000000000 B(z) =h(n,z),C(y) =g(y,n,z) 00000

B(z +1) = C(B(x)) (3.5)
B(z) = C*(B(0)) (3.6)

000D0000D000B(x) 000 B(O)DD000 C(y)0000x000000000000000000
000000000000000000000000000000000000000000000000
000000000000000000000000000000000000O0000 f(x)00000
000000 (nO0)000000000000D000 gx)000000000000000000000
000000 h(x)0000000000000000f(x)0 f(f(x))000000n0000000000
000 g.(z) 0000

g1(@) = f(2) : g1(1) = f2(1),01(2) = f2(2), . 91(n) = () 3.7
g2(w) = f2(x)  92(1) = f2(1), 92(2) = [3(2), ., g2(n) = f3(n) (3.8)
gn(x) = f"H(2) 1 ga(1) = F7H(1), 90(2) = F7712), o gu(n) = 17 (n) (3.9)

00000D0000000000000 f(x)000000 x000000000000 gu() = f*(a)
00
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200000 (double recursive function) 0000 000000000000 0OCOOOOOOOOOO
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000000000000 0000 200000000000 1000000000

0000000000000 n0000000000000UD0D f(x)0000000O0O0OUOOO
0000000000000 00n000000000000 A(my) 0000000000000 Oxz>n
0000 f(z) > A(z,y) DOO0O0Axy) O f(x) 0000000000000 O0ODOOOOOOOO

3.24 UO000OO0DOOOODOOO

0D00000000000000000000000000000000000000000000f(z,y) =
3111 ..(z0)...t yOODOOOf(x+1,y)=f(xf(xy)00000000020000000000 200
00000000f%(4,3)00000000 (0000000f(xy)0x000000)000000000
0000000000000 10020000630000000000 f%(2)00000000000
000000000000000

000000000 F0SO00000f(x)0200000000000¢gx)0000000000F,
00000 200000000000000000000000000000000000000000
000000000000020000200000000200001000000000000000
000000000000000000000000000000000000000000000000
000000002000000000000000200000000002000000000000
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gooooooooooooooo0ooOooo0ooooooboo0oooDooogoo0 /O SOOoOoo
goooooobooob200b00booboooobooooobobooobooboooooo
SsOooOoSooooOoOoOoOoOoOoOoOoOoOooooooooooooooooOOOOOO 200000
gbooooooooooooboooboooooooooboobooboo200000000ooboboOoobooOon
goooooooooOogo200000000000ODOOOOD00oOoOoDOODObODO SOooO 1™
goooooooooooOo20000000000000000ODO0ODODOODODOOSSOOO 20000
gboooooboo 2000000000000 b0000b00b000
e ooooood N

. 0oboobooooobobooooobooooooboboboooobooooobooo
2. 0000000000O00O0O0O0O0O0OO0O0OOO0OOO0OO0OO0OOODbOOOOO0OOO0ObOOOO0O0D0OO

. 0o00buooboboobo2b00b0b0bobooboobob2b0b0o0bOobDo0obOooobo
oood

4. 000000000 2000000000

5. 0 SO00 SSO0002000000000000000RA(z)0 2000000000

3.3 UuUuoon

3.3.1 00000

0000000000 Conway DOODODOOOO (Conway’s chained arrow notation) D 000000
oooooo
O0O000Conway DOOOOOO
( Y )

000000 30000000000 UbO)U0OOoDUOOoOoOo

at ..(cO)..t b=a-boc
d0oo00ooDOo0ooo400000000000000D0DOOO00
oooooOooboOoO0o0o 1ooboobobobooooboooooo
Oaobos.oxsyosl=asbos..oxoy

0o0o00ooOdoOo0 200000 10000000000 0DOO0bOO0O00OooOOooO
Oa-bos.oxo>losz=a-bo...5x
oooooOobOo0o0o0obOO0b0o0obO0obOooOoOobOoboooooo

Oa-bos.osxosyosz=a-bos..osxos(asbo oxoylosz) ozl

N J

gbhoobooboobobbobooboooboboobooboobooboobobboo

10-3-2=10-(10-2-2) - 1=10 - (10 - 2 - 2) = 101"

0000000000 (10800000000 (0107 00000000000

16



10
1054 -2=10 - (10 - 3 - 2) - 1 =100"

0000000000000 (010372 10°ygooooo
a-b-20e¢ 0a00000b10000000000000000

3*}24}3:34}(34>14>3)4}2:34>34>2:333:327

oooooo
0000000f(z)=3t11 ..(x0)..t 3=3-3-2000000 f%44)000

3—»3—»1—»2:3—>S—>1:f(1):27

3—>3—>2—>2:3—>3—>(3—»3—>1):f2(1):f(27)

3-3-64-2=f%1)< f4)=00000

3-3565-2=f%027)> f4U4)=00000
gooooo

3-3-64-200000003-3-65-2
goooboooboo

3-3-3-3=3-3-83-3-2-53)-2>3-3-065-2

oooooo
ooooooooo
gbooobooooooooo

ool <g0oobobboD <10-3-2< 0000000 <10-5-52<3-3-3K<
3-3-64-2<00000<3-53-565-2<3-53-53-3

gboboboboboboboboboooobboboboboboboboboboboobobo
gbooooboboooooboboooo

3.3.2 2000

ooooboooo200000000
oboo3booboobooooooon

at ..(cO)..t b=a-b-c

gbooooobobooooobooon

17



xt 11 y=xt1 (x1 11 (y-1))
oboooooboooon
X—>y—>3:X—>(X—>(y-1)—>3)—>2

gboboobooboooooboooooo
gboboobOoboooobobooobooboooobooboooonoaoo

Oa-bos..oxoyosz=a-obos.osxs(asobos oxosyloz) ozl
gooooooooobg

A(x+1,y+1) = A(x,A(x+1,y))
00000x+l1=2y+l=y0000000000000

(v2) = A(A(y-1,2), z-1)
000000 ab,..x00000

A(a,b,...x,v,2) = A(a,b,....x,A(y-1,2), z-1)

oboooboobooboooboooobooboobooooobOobobOOobooooboOo 200000000
goooboooboooboo 20b00bb0oobooogobo 2000b0b0oboOobOOobOoOobOOoDbOOO

3.3.3 KUOOOOOooOooOOoO

O00O0O0OO0O0FRA(x)0002000000000000000000000O00ODOO0OOOOODOO
obobob2000000000000000000O00D 1000000000 000O00O0 100
obobooooo 2000000 10b0b00000000bO0OO0Dn00O0O0ODbOObO0OODbO 20000
O0n20000000FR(x)000000SO00 100000000 2000000 10000000
gboobOoobooboooooooboboOoooo 2000000 10000000000 0DO0200A0
04000000 3-3-3-3)00000S0002000000000000000OO00UOOOOO
ooooobooooo

F(x) 00000000 2000000000000000000000000O0O00OOOOOOOO0
oobooooooooog-9-9-9-9-9-9-9-..0000000000000000000¢0
obooobooooomOO0b0o0oobooboobooobooboooboobomUubboooooobo200000
oobob20b0boobooooooobooooooooooboobobobobobOobOobOobob oo
09-9-..(9-9-90)-90000000000RK0O00O00O0O0O0O0O0O0O0O0O0O0O0O0OFR(x)0 20
gbobobooboboooboooobooobbooooo 2000000b0b00b0O000bOOOO0O0OO0ODbOOOn
000 FRE)000D0D00000000000000000000000000000D0000OUoOo
FO0O0000000000000 FA(x)00000000000000O000O00O0O000 F”(x)00
gboobooboob20000b000000000000Db000

18



40 30040t

4.1 30000000000

goboo200000000 200000000000000DODODOO0O0O0OO0O 1I00000O0O0DOOOO
goooboooobgooob3dgbooobooboboobooboobo2b0bo0oboboobonon
gbooooboooooobooooboosbooooboboobo20000b00000b0Ob0000
goog300od

2000000000000O0030000000O00000000

300000 (triple recursive function) 000 0000000000000 O0O0OOOOOOOOO
goboobooboooooooooooboooobooooboob2b00b0O0o3ooooboOooboboOoDO
gboooboobooobooboboobooboo 3oboobooboooboob 1bobooobobn

obooo3ooobooobobooo20b00000b000b0o0oo0ob 3oboobooooboooDoOoooog
googooboood
gooO0o300b00o00o0oan
4 )

0000 xyz0000000000O0O0O000O0O0 Axy,z)0300000000000000

A(0,0,2) =z+1
A(x+1,0,2) = A(z, 2, 2)
A(z,y +1,0) = A(z,y,1)

Alz,y+ 1,2+ 1) =A(z,y, A(z,y + 1,2
L (z,y ) = A(z,y, A(z,y ) y
oo30b0bobooobbooo200d0dooooo 3o oooooOo 2000
gobododooo3dooooboooooooooon
20000000000000000000000A(0,y2)=A(yz) 00000000000 Au(y,z) =
A(z,y,2) 00000

A (0,2) = Azr_1(2,2) (4.5)
Ay(y+1,0) = Ax(y, 1) (4.6)
Am(y+lvz+1) :Az(yaAz(y+1az)) (47)

0000A4,-1(2,2)00 A4,(2,2) 000000000200000000000
000000A(z,y,2) = A,(y,2) 0000 A(0,0,2)=2+10000 2000000 x0000000
00000000 200000000000 300000000

19



O00FRO0000000f(x)00 g(x)00000S00000000f(2) = Ay(z,2)0¢(z) = Ax(z, 2)
000000030000000000000000000000003000000000000 200
0000 AO00000020000000000000000000000000000000000
FO00000003x+1]0S000i0000000000000 S;(2)0000 S;(z) = A(4,0,2) 0
O00FRO0000000SO0000000000 S(z)00000B(m,n)=A(i,mn)00000000
00SO00 100000000 ¢g?2)00000000000000000000000000A(1,2,2)
000000000000000000000000000

4.2 0OJO0O0OO0OOOOOOO

(a+1)-..(a+1) > (z24+1) > (y+1)0ae+10200000000 fo(z,y,2) 00000
oboooooooo

fa(0,0,2) = a® (4.8)

falx+1,0,2) = fo(z, z,a) (4.9)

falx+1,9,0) = fo(x,0,a) (4.10)
fa@,y+1,2+1) = fa(z,y, fal,y +1,2)) (4.11)

000000 fu(z,y,2)0 A(x,yz) 00 000000000000000000000O0000000OO
00000000000 10000 (00000000)0000A(xyz 0000x010000000
0000000000000000000000 fu(z,y,2)0 3000000

oob00ob0o0oOn0OO0O0O0O0D0OO0O0O0O0On200 200000000 200000000000000¢0

000000000000 0000A(xy,z) 02000000 x0000x+2000000000000
goooboooboooobgd

4.3 UUOUoooboooogd 2

gboobooboobo2000b00b00bbOobn

20



goooboobooooogn 2
4 )
(1]00000000000000000000000O0 SOSOO0DoUoOUOOoOoooOUo

S m, f(z)] - [g(m), g(x)]
D00 ¢(x)0000000000

B(0,0)=f(n)
B(m+1,0)=B(m, 1)
B(m+1,n4+1)=B(m, B(m+1, n))
g(x)=B(xx)

20000000000000000O00DO00DO0O SSo0ooUoooo

S [m,f(x),S] - [n,g(x),SQ]
000 S20 n,g(x)J0000O00O0OO0OOO
52 = §/(m)
2: [m’f(x)} - [n,p(m)]
527+ m, f(z)] - [q(x), g(x)]

3] Bx+1,5]0 SSOOO 63000000000000 FROODOO Fy(z)OOODO

y

ARO000 /O00000000SSO0000000000000oooooooooooooooO

1. ,O0SSO0002000000 SO00O0D0O0D0O0OO0OO0OD 20000000/ (x)020000

2. /,0SSOOOO2000000 SO0000000O0O0O0O0O0030000000F(z)030000

O0000o0do0ooooooo sopooooooooooooooon

527+ [m, f(2)] - [q(x), g(x)]

O00000D00f(x)0 g(x)00000000000O0O0O0OSO0O0 f(x) 000000 S2000000
gobobooboooboobuoobooboboboobooobooo

5% : I, $(2)] - [a(e),9(2)]
0000000000000 000000 gx) 00000000000 (SOODUOO0OOOooOooooo
0ooo)o
¢(1)0 f(z)0 SODD0 100000000 gi(x)0 100000 g1(1)

9(2)0 f(z)0 SODD0 200000000 go(e) 0 200000 g2(2)

¢(3)0 f(z)0 SODO0 300000000 g3(x) 0 300000 g3(3)

gn)0 f(2)0 SODO0 n00000000 gu(z) D n00000 gn(n)

00000000 g(x) 0000000 g(x) 0000 f(x)0 SODO000D0 (NO)OODOOOOOO
0000zs>NOOOOOQOODOODOOOODOODOODOOO 2000000SO000D00O0O0O0O0O0ODOO
000000000 200000000 3000000000 80000 S2*)00SSO000ooon
googoboooboood
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SOoooooooooooOoOoooooboo0oOooboooooboooooooboObobooOoUooboOd
gooooooboooooboobooooboobooboobobooD KRODOOOOODODO
F(z)0O3000000630000300000000
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s oguod

5.1 n0O0 Ackermann [ [

0ooooooon
4 )

n-100000000000000n000000CCOOOOOO

n00000000 (multiply recursive function) 00 0000000000000 O0O0O0OCOOOO
oooooooobooooooboooooooooooboooooob2000030000..0n00
Oooo0oo0ooooooo0o0o0o0o0o00000o0o0o0o0o0o0o0000 00000000000 10
oooooooo

J

uboobuoboobobobobboobonboobobbobboobboobooboobooog
J000On00000000DOO
4 )

n0000000000000000000000000 A0On0O0O0OCOOODOODODODODO

AOD,a)=a+1

A(O,b+1,0,0 ,a) = A(O,b,a,0 ,a)
A(O,b+1,0) = A(0,b,1)
A0,b+1,a+1)=A(0,b,A(0,b+1,a))

OO000a,b:000000,0 :000000,0 00000000000

J

oboo0oz200000000 20000000000000000002000000000200000
o0ooooooo0OooooOoooooooO o000 n00oooObOOOOO0OO0 4300000000
n=00000300000000000000000000000030000bb0 1000000000
ob2000000 o«00002000000000000030000 2000000000 3000¢0
ooO0O00000oO0o0O000000n+200000 n+1 0000000000 n+3000 bOOOOOO
On+2000n+1 000000000 (D0 a0000000)000n+20000000000000
gbodOnO0000O0O0O0OCODOO100000O0n-10000000D0O00O000O00O0nO0OOOOO
obooo0On0000000O0D000

5.2 UUOUOOUOOOLOOOODLDOOOO

2000000000000 0OO0OO0bOODODbOO 3bOO00O0000bO0ObOOOOoOOObObODO
obobOooooboobOoooboobobo2000000000000200000000000 20000
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gbobobobodoboboooobbotonbobobooboobobobuoobdngboboboon
gboobdobobdnboobobob0n10000000DO0ODODOODOOODO0ODbODOOn
gooo

ooboboooboooooboooboooobooobooooooobboobooooooooooooooo
goood

A(0,0,2) =z+1

A0,y +1,0) = A(0,y,1)

A0, y+1,2+1) = A(0,y, A(z,y + 1, 2))

Alz+1L,y+1,z+41) = Az, A(z+ 1,y, 2+ 1), A(x + 1,y, 2 + 1))

goboboboobobooboobooo

Alz+1Ly+1,z+1) = Az, A(z+ 1,y,2+ 1), Az + Ly, 2+ 1))(5.9

=A(z -1, Az, A(z+ 1,y,2+1) — 1, A(z + 1,y,2 + 1)), A(z, A(x + 1,y,2 + 1) = 1, A(x + 1,y, 2 + 1))(5.10
= (5.11

= A(0, A2, A2)(A20 z,y,20 20000 0(5.12

= A(A2, A25.13

O000O00A(xyz)O0OOO02000000300000000000000000x0000000O
OyOobOOoooobooobobooo20b00000000000300000000O00DO0OODOO yO
oboodbyOobOoOoOoOoOoOoOOobOxbOoOoOOoooOobOooooobooooOxbO1oboooo yono
gbobOooooooboboboooboboboooooboobo20000 3000000000000
ooboooboooooboobooooboboooboOobooogoo

5.3 UOoouoobnooogad

5.3.1 UOO0O0OOooO0O

000000000000 000000 (Bird’s revolving arrow notation) 0 0 0O 0O O (Bird’s number)
ooboooOooboooooboobooobobooooobooobOoobooobOOooboobooOono0oOonuug
lypc.gghorguk OO0 000000000000 ODODOODOOODOODOOODOOODOODOSBOODOO0O00OO
ggodbobbbbouoooooobbbboooooobbo
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00000000000000
4 )

7 O 0 D Bird’s Revolving Arrow Notationd 0 03/04/04 19:46
gbooobooboooogo

000000000000 (a-»b ... 5 x>y -2z)=1 1(ab,.. xy2)
0000000000000 (at ..cO..1 b)=(a = b - c)=1 1(abyc)
00 ab,..z000000 (>0)00000

gboooogobr 10bo0oogoon

Ooo0ooooooo

t 1(a,b,...,x,y,2) ;=1 L(a,b,..,x,y)(y = lorz =1)
t 1(a,b,...,z,y,2) ;=1 La,b,....x,t 1(a,b,...,x,y—1,2),z—1)(y>1,z>1)

O0ooooO0Otr 100000000 n0O0OO00O0O (n>1)00000

1 n(a) =

1 n(a,b) :=

t n(a,b,c) :=a’(b= lorc =1)

1 n(a,b,2):=1 n—1(a,a,..,a)(a0 b0O)

1 n(a,b,c):=1 n(a,t nla,b—1,¢),c—1)(b>1,c>2)

40000000000

1 n(a,b,..,x,y,z) =1 na,b,...,z,y)(y = lorz = 1)

t n(ab,...,x,y,z) =1 na,b,...,z,t nla,b,...,x,y—1,2),z—1)(y>1,2>1)

N J

00001t n(e,d,2)000000000000O0ODO0O0OOO0OOOOOOOOUOOOODOOO

vbooboboboboooooooooobobobobobobobobooobooboobobbo
goboobooooboooo

a-bo..ox-y->z=1 1ab,..,z,y,2)
al bl ..t xzl yl z=1 2a,b,..,z,y,2)

a4 becxeyz=1 3ab,..,zy,2)

000000000000+ 00000000-0000000000000000000000000
000000000000000000000000000000000000000010000000
(+ )0OoOoOoooooo

a(t Dbt 1)...(t+ Dz(r Ly(r )z=1 4(a,b,...,z,y,2)
a(t n)b(t n)...(t n)z(r n)y(r n)z=1 4n(a,b,...,z,y,2)

25



gbobooboobobobobboobooboobooboobobboboboaa

a(t n)[cJb=a(r n)(t n)..cO..(t n)b=a(t n)lc—1]a(t n)[c]b—1)]

¢c>200001 [n+l)(a,b,e)D00000000OOO0OOOOO c=2000000000000

ooo

5.3.2 0000

gbooooopoobooooooboooBidboOOoobOobOoOoOOoDOOobOOobObOOoDOoDOobObOODO
gbooooobooooobobooobooboooooobooooonon

D000 NO 3(+ G)430 (GOODDD0D)00000000000

(+ GO0 GUOOUOOOOODOOOOO
gooodddoobooooooooddo0mooooooooooooooa
(1 QMO (1 &G OO G G000

0000 ND3(0 G)( G)(t G)(+ 6)3000000NIO00C0O0OO
X(1)O NGt N)NJNOODODOOOO0O0O0000O0O

X(N)O X(N-1)(1 X(N-1)[X(N-1]X(N-1)000000000000
00 X(N)O X,(N)00000000(@000000)

good

X>(1) 0 X1(N)

X2(2) 0 (X1)*(N) O X3 (X1(N))

X3(1)0 Xo(N)0 X,V(N)0...00000000000(000000000)

HO Xy(N)DDODDODOOD0OO0O00O000 Xg(N), (X Xg(N)(N),..0000 X00000
0000000000000

000000 Xyg(N)ODOOOOOOUOOOODOOOoOOooooooooooo

000000000000 X,(n)O Xmj(n) DOODODOOODOOODOOOOOOOOOOOOOOO

000

- oooooooo ~
X[0](n) =1 n(n,n,n)
X[m +1](n) = X[m]"(n)
N=1 G(3,3,4)
f(n) = X[n](N)

0000000000 B= fFM+(N)
J

O0O00H=f(n),Xg(N)=f3(N)DOOOOD0DDOOO0OOODOOOO0 OO Y(N)OOD

26



5.3.3 UUOUOOOOO

obooooooooooOoboboooooooooooboooboobooboboobo10ob00ob00oboOon
goooo1i1gooooboogoob2000b0oooboboooboo0ooboobooboooooo 3oboOoon
00001 n(e,b,2)000000r n—100000000000000000r n—100r nO0OO
gboo3000000000000r nOn0O00000O0OOCOO0OOCOOOOOOOO0DO40000000
oooo

O00000000Xm|(n) 0000000040 0000000000n00000000MOO0OO
gbooooo40000 2000000000000000O00DOOOOOOODOOOOOOOOODOO
40000200000000000000O000O04000000

oobooooooooooooooooooooboobooooooboobobooboooooOoooo
oooooooooooboo

1.2000: 00000000000 Fi(x)
2.3000: 00000000000 Fa(x)
3.4000: 00000000000

goooon

5.3.4 UU0O0OO0OOOOOO0ODLDODOOO

g(n)=Xn|(n) OOOOO
g(2)>N 00000

gH@) > fA (V)
oooooooobooono

B = fFPMNF(N) < ¢g9°@+2(2)
goodooo oboo
X[m](n) < A(1,0,0,m,n)
ooooood

X[0](n) =1 n(n,n,n)
X[m +1](n) = X[m]"(n)

goooobood

A(1,0,0,0,n) = A(n,0,0,n) 01 n(n,n,n) = X[0]n
A(1,0,0,m + 1,n) = A[m]"(A(1,0,0,m + 1,0))(A[m](x) = A(1,0,0,m, x))

gbooooobooooooboobooobog

g(n) = X[n](n) < A(1,0,0,n,n) < A(1,0,1,0,2n)

00000000000000000 gn)=X[n)(n) 004000 10 (000000)0 2000 10
mO00D0O00OO0D)0000O0O0OO0O0OUDOOOODOOOOOO

00000 gn)00D00O0O00DOO0OO00OO0OO0OCODOO0OOOCOOOOOOOOOO A(L,0,1,1,%) 0
oboooooboooooo
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g"(2) < A(1,0,1,1,2n) OO0

B =g ®t2(2) < A(1,0,1,1, A(1,0,1,1,6) % 2 + 4)
< A(I’ 07 17 17A(17 07 17 17A(1707 17 2’ O)))
= A(1,0,1,2,2)

00000B < A(1,0,1,2,2) 000000
0000000000 A(1,1,1,1,1)000000000000000000000

A(1,1,1,1,1) = A(1,1,1,0, A(1,1,1,1,0))

= A(1,1,1,0, A4(1,1,0,1,1))

= A(1,1,1,0, A(1,1,0,0, A(1,0,0,1,1)))

= A(1,1,1,0, A(1,1,0,0, A(1,0,0,0,3)))

= A(1,1,1,0, A(1,1,0,0, A(2,2,3,3)))

= A(1,1,1,0, A(1,0, A(2,2,3,3),0, 4(2,2,3,3)))
> A(1,1,1,0, A(1,0,2,1,2))

> A(1,1,1,0, B)

54 UUOUOOOOOOODO3

00000000000 3(F;)00000000000O0O0O0OO
Joogbobobooboon 3
4 )

[1]00 f(x)00 gx) 0000 s(n) (n>0)00000000000

s(f :=g;9(x) = f*(z) [DODO0O]
s(n)f = g;9(x) = [s(n = 1)*[f(x)(n > 1) nOOO]

200 f(x)00 g(x) 0000 ss(n) (n>0)00000000000

ss(1)f:==g;9(x) =s(x)f(z) [DOODOODOOOO]
ss(n)f :=g;9(x) =[ss(n—1)*]f(z)(n>1) [0000000]

3]0000000 F3(x) 000D00O00OOOOO

Fy(z) = ss(2)%f; f(2) =2 + 1

4000000 F3:=F$@B3)0000

J
000000/ 0 RO0ODODOOOOOOOOO0OODOO0ODODO0O0OD0O0 KLOODOODOODMmO
000000000000 000 F3(0 F3)000000000000000 /00000000000
0000000000000 F0000 Fs0000000000000000D000O0OO00DOO0
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U000 m, 0 F,0 FB0000000000000000

051 /00 00000000

ooooo oo

F 200000000800 (0000000000000000000O0)
S000000000000 (SSo0)

F, SO0 (2000)000000000S8S00 (3000)
(SS0O00O00000S000000000SO00000)

0 Fj F,0S800,800,88S..0000000000s(n)00 (0000)
0000000000 ss(1)00

0 Fs F;0s(n)000000000000000000000000000

s(l)ooooo (”,F,0SO00000)0020000000000000O

o000 000 0000000000 OODODOOOOOOOOOODDOOODDOODOO0O0O
obobOobobobono rs00000000000000000000 F3sO0000 FIsO000000
obooooobobooooboobooooooboooobooboboboob0obobobn K00 FsO000
oboooooobooooobooboooobobobooooboooo

00000 /0000 2000000000000000000010000000000000S8S0
00000000 SO0000000000SO00000000000S000000000000000
0000D000000000SO0000000SO0000000000000000000000000
0000000000000000000000000000000000000SS000000000
SO000000000D0000000000000000000000000000000000000
00000000000000000000000000000000000000MO0000000
000000000000000SSO0000000000000000000000000000000
000000000000000000s(n)000000000000000

0000 F;02000000000000000000000S00000000000000 200
000000000000000000200000000000000300000000000000
000000400000000000000000000000000000000000000200
0000000000000000000000000000000000000 2000000000
00000000000000000000000000000000000000 2000000000
00030000000000000000000000 F30s(1)00000000000000 F30
s(2)00000

s(1)f = g;g9(z) = f*(z)

s(2)f = g;9(x) = [s(1)°] ()

0000000s(2)00R0 /AROSOOODDDOOOOONONONOOOONONDNOON 200000000
000s(1)f:=g;g(z)=f*T(1)00000s(2)0 /RO FK,0SO000000000

F3;0s(n)J00000C0O00OOOOO0OOOOOOOOUODOOOOO
flx)=2+10000
[s(1)][s(2)?2]...[s(n)*]f(x) ~ A(an, ...az, a1, %)
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0000s(1)000000 s(1)f:=gg(x)=f+(1)0000000000000000000000
O00D0F0s(nO00000000000000000000000000000000000000000

00000000000000000000000000000000000000000000000
000000000000000 F30s(n)000000000000000000000000

ss(1) 00 g(x) = s(a) f(a
DDDDDDDDDDDf(X

000000 f(x) D000 x000000000O0D0O0OUOOOOOUOO
=x+1000000000000000

)
)

ss(1)f(1) = s(1)f(1) = A(1,1)
ss(1)f(2) = s2)(2) ~ A(1,0,2)
ss(1)f(3) = s(3)f(3) =~ A(1,0,0,3)
ss(1)f(4) = s(4)f(4) =~ A(1,0,0,0,4)
ss(1)f(5) = s(5)£(5) ~ A(1,0,0,0,0,5)

ss(1)f(n) =s(n)f(n) =~ A(1, (00 n—10),n)

ss(1)000000000 x00000 ss(1)f(x)=s(x)(x) J0000000000000000000
00000000000 ¢(z) D0000002z>¢000000 s(z)f(z) > g;(z) 000000000
000ss()f(x) 000000000000000000000

F;3(x)0000ss(1) 0000000000000 G300000000000000O0O0F3(z)000
gogooobobobouoooooda

5.5 U

gooooooooobooboboboboboboooobooooooboobobOobobOobOoboo
0000000000000 0000D000000D00O0000DO0O0000DDODOTableb.200000
gbobooboooboooboboooooobooobooooooobooobboooboooooobooooobooon
oooooo

30



05200000000 (oOooooon)

oDoo ooooo
o000 = 10%8 oooo
0000000 =136x 2256 QOO0
0Oooooog =107 oooQ
DO0ooo0ooooo =100" pooOOO
3.3.3 2000
G:00000 2000
3.3-.3-3 2000
A(2,2,2) 2000
3..(G0)..-3 2000
F: 000000 V1 2000
A(1,1,1,1) 3000
t 3(333)=3-3-3 3000
F: 000000 V2 3000
1 G(3,3,3) 3000
B:0O0O0O 4000
A(1,1,1,1,1) 4000
A(1,...(BO)...,1) (B-1)000
F: 000000 V3 oooooo

31



el 0UO0OOO HardyU [

6.1 UUOOOOOUgdg

0000000000 F(x)000000000000000O0000O000000000 F3(x)00
goboooooooboooooooboooboobobooooooobooobooooooboboooDboboOoo
gbooooood

oboboboboboboboboobobooooooooooooooboooobOoooooboonoong
goooooooobooooooobooboooooobbooooboboooobooobboobooooDbobOoo
gbooooobooooooboooooboan

0000000000 0000000O00O0O003000000 FR(z)DDODODO400000O0O0O0OOO
oboooboooobooobooooobooobooooboooooboooboooOoobooboOobooooo

goooooobooooboboooobooooooboobooooboboboobOoboooobooDo

00000000 0D0O00000000 HandyODOODHardy OODOOOOOO0OOOO0ODODO
o00b00o0000o0otHardy000000000o0ooooOOOOOODOO0OO0O0OOOODODOOOOO
ooooooO00oooo0oU0oboDooO00oDOo00 HadyODOOOOOOOOOOOODODOOODDOOO
oboooooboooooooboog

00000000000000 HardyDOOODOOOD0000000000000000000 HardyO
00000000000000000000000000000000 HardyOO Hla|(x)000 Fla ](x)
0000000000

6.2 00O

Wikipedia OO0 0000000000000 DOOOOODOOOOO
gooooao
[ )

000000000000o0oooooooooboo0oooddelement 000000000 O
gbooooobooooobooooooon

ndo000o0ooooooobooooobooooooboo 1,2,..,n00000000000O000DO0O00OO
oooobooobooobooboobOo n0bO0O0O00b0O0O0O0OOD nOOOOO0O nODOOODO
b0 oooomooooobooooboboooobooooooboooobobon oo
obooooobooooo

J

00000000000000000(00000)02000000000000000000000
000000000000000000000000000000000000000000wO000
0000000000 1,2345,.0w0000000000001,2345,..0 000000000000
0000wOdO00000000100000000000000000 246,.0w00000000000
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0J0ddd0f0DlDwiddO0Dw+1,0+2,. 000 0000000000000 0000000O0a O
DDDDDDDDDDDDBDDDDDGzB—}—lDDDDDDDGDDDDDD(successorordinal)l]
00000000 O0O0OO0O0O0OODODOOOODOOOOODO (limit ordinal) 000 000wOOOOOOOO
w+a(a=1,2,3,.)00000000000000O0O0O0O0OOOOOOOOOOO0OO

w+l,o+2.. 0000000000000 00000+0 000000000000 0w+00 000
0b00bddddddw+wd000wx 2000000000000 0000000000O0OO0OOOO
Obd002xw=w00000000200000wx 20000000000000

O0000Owx 20000000000 wx 2+4a (a=1,2,3,...) 000000000000 x 30wx
241, w x 2+2,...|:||]D|:|DDDDDDDDDDDDDDDDDDDDDDDDD(+1)DDDDDDDD
00000000000000000000000 al,a2a3,..000000a0 a = lim(al,a2,a3,...)
O0o0b0odooboobooooooobooooooboooooao

wx 3=lim(wx 2, 0x 241, wx 2+42...)

wx 4=lim(wx 3, wx 3+1,wx 3+2,...)

wx a=lim(wx (a-1),wx (a-1)+1, wx (a-1)+2,...)

w2 =wxw =linw,0x 2,0x 3,..)

w?+w =Ilimw?w?+l,02+2,..)

w2+twx a=limw?+w0x (a-1),0?24+0wx (ea—1)+1l,0>+wx (a—1)+2,..)

wx 2=w?+tw?=limw?,0?+w,02+wx 2,..)

w3=w2xw =limw?w?x 2,w?x 3 .)

w® =limw,0? w3 wl..)

WO 2=w® +0® =limw?®,w® +0%0® +w3,..)

WOt =% 0 =limW?®,0w®x 2,0%x 3, ..)

WP =2 tx 0 =limw® T w®tix 2,02 Tx 3 ..)

W 2= = limw®, 0t 0?2 )

WO =09 = lim(w®, 09 2,w®* 3 )

we =limw®, 0 0’ )

DDDDwMa::wAwAwA...w(aDDw)DDDDDDDDDDDDDDDD£0D

€ o=lim(w,0®, 03w M4, w05 ..)

00000d0000e yU0wOOOO00oO0oOoooooooboooooooboooooooboooon

6.3 HardyO O

Hady OOODODOOOODOOOODODO
J000Hardy OO

H[0](z) =«
Hla +1](z) = Hlo](z + 1)
Hlo(z) = Hla,)(z) («0000O0000)

000000000oO00oU00o0 (b0o0U0+100)00000O000O0O0O (CoOUOOooOoOoO)Oo
gboooooboooboboooobobo x+10000obo0oboobooobooboooobobooooboon
gboobooboooobobooooboobooboobooo
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cooOooooOo0oooooOoO0oOooooOoOOoOOOO0OO0O0OOOO0O000bOObOaOO0ODOOO
0000000000000 000000000000O0 He |]OODDODODOODOOODOOODOODODOO
oo000o0oo0o000ooO0000o0oO0000bOO0000O0OO00000bOO0O0O000BO0OO0
0000000000000 >B 0000 Hjo]>HB]OOODDOOOOHOOO](]OOOODOODO
0oo0oooooooo

0000000000000000D0 100000000 (canonical fundamental sequence) 00O 0O 0O
Hlo,)]0ODOOODOOOODOODOOOH[e | ODODOODOOOODOO

f(z)=H[o)(x) 000000 (f(z)=2+10000a=1)
[a x 2)(z) = f(f(x))(0 D)
[ )=f"(x)(00n0)
[ (z) = f*(z)(0000)
[ x W?)(z) = f/7@(f7(2))(0 000 20)
[ .f0200000
[ z):2000 20
Hla x w**"](z):2000 n0O
[axw’](z):3000

[ wixn)(z):3000 n O
[a xw*’|(z):4000

[ “I(z):n+1000

[

Q
X
S

Q
X
&

w*’](z): 2000 (0DO00O00DO)

Q
X

000000000 Flo)(x)DOOODoOoooooo
O000HardyOOODOOO

Fl0](z) =2 +1

Fla+1)(z) = Fla)*(z) («0O000O00O0O)
Flo](z) = Floy)(z) («00000000)
f(x)=Fla](z) 000 (f(z) =2z+10000a=0)

)
Fla+1)(z) = f*(z)(0000)
Fla+w|(z):2000
[@+w?|(z):3000
[
[

|

Fla+w"|(z):n+1000
Fla+w*](zx): 2000 (D0O0O0ODO)
gooooooo

Fla |(z) 0 Hlw*](z)

oboooobooboooooboboooobobooooobooooboOobooooboOoboooon
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6.4 000000 HardyO Qo

F;000: f(x)=Flaj(z) DOO
ss(1)f(x) O Fla+ 0 ®](z)
ss(1)?2f(x) 0 Fla+®® x 2|(z)

$5(2) () = ss(17 () 0 Fla+ 0 x 0](x) = Fla+©°*+1)()
F3(z) = 55(2)%3 f(2) O Fla +w®*! x 63](x)

gooooooog

ss(3)f(x) = ss(2)*f(x) O Fla+ w®+2](x)

ss(4) f(x) = 55(3)* f(2) O Fla+w®*?|(x)
55(2)f(@) 0 Flo+ 0 ®*)(z)

gbooaobooaoooaon

061: 000000 HardyOOUODO (NOODDODO)

00 Ho|OOOOO Fla|0OOOOO
KnuthOODOO 3(1 n)3 H[w®](n) Flw](n)

A(n,3) H[w®)(n) Flo)(n)

F,F,0 S0010 Hlw®](n) Flw](n)

Fi(n) Hlw®*¥]|(n) Flo x N](n)
n00n0000 Conway OO O OO H[oo‘*’](n) Flw?](n)

RO s@n00 FL, RO SO0 D Hw®(n) Flo?](n)

F(n) H[w“’zX °](n) Flw? x 63](n)
00000001 n(3,3,3) Hlw® ](n) Flw®](n)

B0 s@3)n00 KO SSO00 nd H{w®"(n) Flo 3] (n)
0000g X(n,1,1) Hlw® e +1](n) Flw3+w +1](n)
A(1,0,2,1,n) Hw® o x2t1(n)  Flw3 + 0 x 24 1](n)
A(1,0,0,0,0,n) = A(n,0,0,0,n) H[w® ]( ) Flw4)(n)
A(n,n,n,n,n) Hw® ]( ) Flw?*](n)

F50 s(4)n O Hlw®"|(n) Flw4(n)
A(nO0 n)orA(n00O 1) Hjw®"](n) Flw®](n)

RO s(n) Hlw®"|(n) Flw®](n)

F3(n) Hlw® " x68](n)  Flo®*t! x 63](n)
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70 0OO0o0Uogon

7.1 OO0oooood

00000000 (provably recursive function) 00000000 (Peano arithmetic) 0000000
0000000000000 000000000a <& gU0O0OO0OHardyOO Hjo|OOO Flo]OOO
000000000000000000000D000H[E o]D0000000D0O0O0O0O0OOOOO0ODO
O0Hf oJU0OD0O00DODOOODOOOOO

7.2 2000000000004

gbooooooooooooooobooobOoobOooobOoooo200000000000000000
0000000000000 n000000a000000O0MN,a)0000000000O[J0ODOO0O0OO
DDDDDDDDDDDDDDDDDF[w“’m](n)DDDDDDDDDDDDDD
gooo200000000000¢0
(" )

O:000000
0:00000000000
0,01,02:00000000000000
a,b,c: 000000
N:00000000000
inde|...,b3,b2,b1,b0,a0] = ... + NTIb3 + N1 b2+ NO bl + 50 O 0 0
Ak()0000000 index 00000000000
OO00index 0000000000 Ak()O000000000000
Ak(D 1[D 0],0 2) = Ak(O 1,0 2)

Ak(D 1,[0,0],0 2) = Ak(0 1,[0],0 2)
M[Dfa+1
AR(O,[1,b+ 1)) = Ak(D,[1,b],[1])
Ak(O,[1,b+ 1], [a+1]) = Ak(O, [1,0], [AK(O,[1,b+ 1], [a])])

(=]

(=]

S

AK(D,[O,c+ 1,0+ 1],[a)) = AK(O,[0,c+ 1,0],[0,¢,a],[a])..0#2 0 orc# 0
AK(D,[0,¢+1,0,0,b+ 1], ) = Ak(D, [0, ¢ +1,0,0,8], (0, ¢,0,0 , a],[a]

N J
oobobobooboboobooooo

Ak([n,1], [n]) O Flo©](n)
[1,0,1],[n]) O Flw®](n)
[a,0,1],[n]) O Flo wD@K)
[n,0,1], [n]) O Flw®"](n)

Ak(
Ak(
Ak([n, 0,
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AK([1,0,0,1],[n]) O Flw®’](n)
Ak([a,0,0,1],[n]) O Flw®Ya)(n)

Ak([n,0,0,1],[n]) O Flw®’](n

Ak([1,0,0,0,1],[n]) O Flo®’|(n)

Ak([1,0,0,0,0,1],[n]) O Flw®"](n)

Ak([1,0,0,0,0,0,1],[n]) O Flo®"](n)
Ak(...,[3,a3],[2,a2],[1,al], [0, a0]) = Ak(a3,a2,al,a0)
AK([...,b3,b2,b1,00,a], [n]) O Flo -+teDi3+eb 200614607 4] ()
Ak([n 00 1, [n]) O Flw®"(n)

7.3 Ougouoooboboobo3nnn

Ooo0oFRO0o0oooa
ss(z)f(z) O Fla+ w®*?)(z)
DDDDDDDDDDDDDDS(X)D 300000

s(1,1,1) := s(1)
s(a,1,1)f == g;9(x) = s(a — 1, z,2) f(z)(a > 1)
s(a,b,1)f :=gig(x) = s(a,b—1,z)f(2)(b > 1)
s(a,b,c)f = g;9(x) = [s(a,b,c = 1)*] f(z)(c > 1)

0000000000s(1,1,n) =s(n),s(1,2,n) =ss(n) 000000000000000000000
0oooooo

s(1,2,2) f(x) = ss(x) f(z) O Fla+ w®>*?](x)
5(1,3,1) f(x) = s(1,2,2) f(x) O Fla+ w®*?)(z)
5(1,3,2)f(x) = 5(1,3,1)" f(2) O Fla+ w®>*2H1)(2)
5(1,3,3)f(x) = 5(1,3,1)%f(x) O Fla+ w®*2+2](x)
s(1,3,2)f(x) 0 Fla+ w®*3](z)

s(lz,z)f(z) 0 Fla+w® ](x)

$(2,1,1)f(z) = s(1,z,2) f(z) O Fla+w®’](z)
5(2,1,2)f(z) O Fla+w® +1](z)

$(2,2,1) f(2) = s(2,1,2)7 f(2) O Flo+ 0©*+¢](z)
5(2,2,2)f(r) 0 Fla+w® T9* 2](x)

$(2,3,2)f(2) O Fla+ 0@+ 3](z)

s(3,1,1) f(x) = s(2,z,2) f(x) = $(2,2,2)" f(x) O Fla+ w“)2X2](a:)
s(z,1,1)f(z) O Fla+0®"(z)

0000003000 s(x)00 s(xxx)00000 Fla+w®’)(z)000000x000 s(x) 00 s(x.x,...(x
0),.x)000000000000 Fle+0®’|(z)00000000
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74 0OJU0U0U0Ooooooooon

goboobobooobooooboooooobooobobOoooboooooooobooooooooDoong
obooooobooooobOobooooboobooobOobooooboboooooboooobooo

s Oo0d0dooooboooooooodg ™
Joood
Ak([[1,0,1], [1]], [[n]]) O Floo® ]( Q
Ak([[1,0,0,1], (1]}, [[n]]) O Flw®” ](n)
Ak([[1,0,0,0,1], [1]}, [[]}) O Flo®"](n)
AK([...,[3,a3],[2,a2], [1,al], [0, aOH [[n]]) = Ak([...,a3,a2,al,al],[n])
Ak([[n 00 10, (1)), [(n]) O Fle®*" ](n)
40000
AK([[[1,0, 1], [}, [ [[ln]]D B Flw AA4](:5)
Ak([[[1,0,0,1], (1]}, [1]]}, [["]]) O Flo®” lgn)
Ak([[[1,0,0,0,1], [1], [A]]], [[[WI]) O Flw®® ](n)
Ak([[---, [3, 3], [2,a2], [1, al], [0, aC]]}, [[[n]]]) = AK([[.-., a3, a2, al, al]], [[n]])
Ak([[[n 0O 1], [1]], [A1], [I[21]) O Flw ""5](n)
ndoono
n0000000000 Fle o)(n) 000
- J

7.5 UUUooooooods

uboboo3bobobooooo 4000000000 0000000000 DOOOOO0OOOOn
oboboo40000000000000O00DbO0OO0bOO0OOOO0O0O0O0OOoOOoOOobOOoDbO0ODbOn
gbooooobooooboobooogsboboooobob40b00b00bOb0OODD
obooooboooobooboobooboooboooobomoooobooobooobooooog
oboboooboooobOooboooboooobOoooooobOooooooooboooboooooooooon
gboooooooooboooboooboobogoooboooooooooboooobooobooobooboboobooboooon
oboooos00oobooog
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goooboobooooogn s

-

100 M,(n=0,1,2,...)00000000000

My=000000
M,4,=00 M, - M,00000
M,000 M,00000

2 M, 00 m(n) (n0 1) 00000000000
foO0Mn)OOO0O0O0mn+1)(f,) =9, 00000000

faciO M(n—1)00000g¢,(fa1) =9, 00000000

faeeD M(n—2)00000¢gn_1(fas) =gno00000000

fo0 M(0)DO0O000g(fo)=9 00000000
= (((ffo frm1) fa—2)--S1) fo

oood
m(1)(fo) = fo’° (7.1)
(m(2) f1)fo = (f1"°)(fo) (7.2)
(((m(n =+ 1)fn)fn—1)-~'fl)f0 = (~-(fnf0fn—1)---fl)f0 (7~3)
(30000000 Fy(z) 00000000000
Fs(x) := ((..((m(z)m(z — 1))m(z — 2))..m(2))m(1)) () (7.4)
(4000000 Fy:=FS@3) 0000
00 [2000m(1)(z):=2* 000000
(m(2)f)(z) = (f*)(z)
00000000m(2)0 F0000s(1)00000000
m(2) = s(1)
ooooooooon
(m3)m(2)) f)(z) = (m(2)* f)(z) = (s(1)* f)(z) = (s(2)f)(z)
O00000m(3)m(2) = s(2)
((m(3)*m(2)) f)(z) = ((m(3)(m(3)m(2))) f)(z) = ((m(3)m(2))* f)(z) = (s(2)* f)(x) = (s(3)f)(x)
0000 0m3)2m(2) = s(3)
m(3)"m(2) = s(n

m(4)m(3)m(2) = ss(1)
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0000000000000 00000000m3)000000000m(2)=s(1)0 000000000
m3) 000000000000 m(3)™n(2) =s(r)0000000000O0OO0OODOOOOOOOOO
m(4)00000000

Hardy 00000000000 0Om2)00000 f(x) 0 Fla [(x) D00m(2)f(x) 0 Fla +1)(z)00
ggoooooboo

m(2) = F[+1]

ooboobobooboooboooboobobobo
m(3)m(2) = s(2) = F[+w]
m(3)m(3)m(2) = s(3) = F[+w ?]
m(3)*m(2) = s(a) = F[+w 9]
m(4)m(3)m(2) = ss(1) = s(z) = F[Hw ]
ggooboooboo

m(3)[m(4)m(3)m(2) = s5(2) = F[+w ©*]

m(3)[m(3)m(4)m(3)Jm(2) = ss(3) = F[+w ©*+?]

m(3)*m(4)m(3)m(2) = ss(a + 1) = F[+w ® 7]

m(4)m(3)m(4)m(3)m(2) = ss(n) = F[+w ©* ?]

000000 O00000000000000000O0F, 000000000000 S(X)DDDD
oon

[m(4)m(3)]*m(2) = ss(n) = s(1,3,1) = F[+w ®* 2]

[m(4)m3)’m(2) = s(1,4,1) = F[+w > 7]

[m(4)m(3)]*m(2) = s(1l,a+1,1) = F[+w ®* 9]

[m(4)m(4)m(3)lm(2) = [m(4)(m(4)m(3))Im(2) = 5(2,1,1) = Fl+w®’]

m(3)[m(4)m(4)m(3)Im(2) = s(2,1,2) = F[+w ‘*’2+1]

m(4)m(3)[m(H)m(4)m(3)m(2) = 5(2,2,1) = F[+0 @ +¢]

m(3)m(4)m(3)[m(4)m(m(3)m(2) = 5(2,3,1) = Fl+e @+ 2]

m(3)2m(4)m(3)[m(4)m(4)m(3)]m(2) = 5(2,4,1) = F[+w w’tw %3]

m(4)m(4)m(3)[m(4)m(4)m(3)]m(2) = 5(3,1,1) = F[+0 © *?|(z)

[m(A)m(4)m(3)]Pm(2) = s(4,1,1) = F+0 " *3](x)

m(4)>m(3)m(2) = m(4)[m(4)m(4)m(3)Jm(2) = s(z,1,1) = F[+w ‘*’3]

m(4)*m(3)m(2) = s(z,1,1,1) = Fl+w "]

m(5)m(4)m(3)m(2) = s(1,1,..(10 z0),1,1) = Fl+w®"]

gooooboboboogo
oboooboooooo

m(3)m(2) = F[Hw]

m(4)m(3)m(2) = F[+w ©]
m(5)m(4)m(3)m(2) = F[+w ©°|
gooogoo

m(6)m(5)m(4)m(3)m(2) = F[+w 4]
m(7)m(6)m(5)m(4)m(3)m(2) = F[+w 5]

goooooooooooooooo
Fs(x) 0 Fle o]
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goooaon

7.6 UUOoodad

0000000 HadyOOOOOOODOOOOODOOODODO

O H[0](n) =n
O H’ [a+1] (n) = H’[a] (n+1)

OH[Al() = B[A_(+tD)](@+)T...... OADDOD0ODO0O0AnODOOOOO
oooono

Ow~(a+1) = 1lim w~"a On

Ow"A = 1im w"A_n0O...... OAD0O0O0O0000AnOO00000O

O b+A = 1lim (b+A_n) O ...... OAD0O0DO00O0O0O0AnODOOOO0OO
ooooo

ooooooo{ yoOooooooo

O n[u +a+ "]" ==> " a
Ob+a==>b+ a
g ==> 0

OO000000004{ >y 00000 ==> Hardy Function 0000
oooooo+0000ooooooo

obooooooooooobono
oooooodOrwlw-x, +, 000000e 00000001 (m) ODOOOOOOOOOO
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81 UULODLUOOOOLLObLObO

obobobobobooboboboboboobobobobobobobobobobobOoboDo
0000000 He o] DO00DD00O0O0ODO0O0O0O0O0OO0O0O0D0OO0O0O0OO0ODOUDOOOOO0OODOOD
gbobooboooooooobobooobooooobooboobbbobobte poOobO0oo0oOo0b00aO
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8.5 00O VeblenU J
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1. A General Notation

2. An Ordinal Notation

3. A Stronger Ordinal Notation
4. Second Order Arithmetic
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000 An Ordinal Notation O O O O O Veblen O O O Bachmann-Howard ordinalJ proof-theoretical
ordinal Transfinite Recursiond Monotonic Induction 00 00000000000 OOOOOOOOOO
oooooooa
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N J
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Co(1,1,0,0)=Tr =1 (Q)
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